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The pion-nucleon sigma term is shown to be equal to the 
Goldberger-Treiman discrepancy at tree level. Its value esti- 
mated this way is very sensitive to the pion-nucleon coupling 
constant g^NN- This relation, when combined with the pion- 
nucleon S-wave scattering lengths, yields a new determination 
of g-wNN at tree level. The results of a one-loop analysis are 
also summarized determining an allowed range for the induced 
pseudoscalar coupling constant gp. 



Pion-nucleon interactions have been extensively inves- 
tigated using dispersion relations and chiral symmetry. 
Most of the studies using chiral symmetry have relied on 
unphysical limits such as the soft pion limit jjj or the chi- 
ral limit Q| . A typical example is the pion-nucleon sigma 
term ||, the fraction of the nucleon mass due to the 
explicit breaking of chiral SU(2) x SU{2). The scatter- 
ing amplitude is analytically continued to the unphysical 
Cheng-Dashen point pj, and chiral perturbation theory 
is applied. 

An important exception to the above is Weinberg's 
formula for pion-nucleon scattering J^], which yields the 
Tomozawa- Weinberg relations for the S-wave scattering 
lengths on shell ||. Recently, we have been able to ex- 
tend this result to processes involving an arbitrary num- 
ber of on-shell pions and nucleons In this way, the 
pion-nucleon sigma term can be directly assessed. In par- 
ticular, we find that at tree level the pion-nucleon sigma 
term is simply given by the Goldberger-Treiman discrep- 
ancy. The purpose of this letter is to give a derivation of 
this result, and discuss some of its quantitative aspects. 
We also review Weinberg's formula in light of our result, 
and briefly discuss the effects of one-loop corrections. 

The approach discussed in requires an extended S 
matrix analysis for a concise quantum formulation that 
enforces both chiral symmetry and unitarity. However, 
since we are primarily interested here in a tree level re- 
sult, we will use an equivalent but shorter route in terms 
of effective Lagrangians with some supplemental rules fol- 
lowing from the complete analysis |7]|| . 

For the SU(2) x SU{2) symmetric part, we take the 
standard effective Lagrangian 
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where U is a chiral field, \& = (^r, ^l) is the nucleon 
field, and ft = 7^9^. In the low-energy limit, the scat- 
tering amplitude given by (0) is essentially unique, given 
that the isospin of the nucleon is | M . 

Ignoring isospin breaking and strong CP violation, the 
term which explicitly breaks chiral symmetry must be a 
scalar-isoscalar. The simplest non-trivial representation 
of SU{2) x SU(2) which contains such a term is (2,2), 
since (2, 1) (1, 2) contains only isospinors, and (1, 3) © 
(3, 1) contains only isovectors. We therefore have, 

C 2 = ~ flml Tr(U + (2) 

We assume that A is non- vanishing as — > 0, so that 
(||) vanishes in the chiral limit. The nucleon mass is 
rnjv = JTiinv + m ^/A. The second term in (||) is usually 
dropped {e.g. in chiral perturbation theory), but it is 
essential to keeping the nucleons on shell and so we will 
retain it here. 

From ([M3) it follows that the vector current is 



V*(x)=i^TT(lT a ,U^d,U)+h.c. 

-±(g A -l)* Llfl tf[T a ,U]* L 
+ ^(g A -l)^ R ^[r a ,U}U^ R 



the axial current is 



A;(x)^z^Tr({T a ,U^d,U)+h. 
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and the scalar density is 
a(x) 



-J_£ 2 =^Tr([/ 
miU 4 



(4) 



(5) 



We also introduce the PCAC pion field 
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= -i^Tr (r a (U - f/t)) + -i-* l75 r a * (6) 

4 /it A 

and the one-pion reduced axial current 

= 9a*7m75 + jd„ (m l5 r Q *) + 0(vr 3 ) (7) 

Between nucleon states of momentum pi and an im- 
plicit spin dependence Sj, 



(N(p 2 )\A a Jx)\N( Pl )) 



— e i(P2-pi)-x 



xu(p 2 ) (l^Giit) + (p 2 -pi)^ 5 G 2 (t)) — u(pi) (8) 



and 



— p i(P2-pi)-x 



(N(p 2 )\r A ^x)\N(p 1 ))=e 

— T a 

xu(p 2 ) (7^75 Gi(t) + (p 2 - Pi) m75 G 2 (t)) — w(pi) (9) 

with t = (p2 — Pi) 2 and G 2 is free of pion poles. 

From we also have d^jA^ = .U{ a + m^)TT. 

Hence, 

(N(p 2 )\n a (x)\N(pi)) = (N( P2 )\irUx)\N( P i)) 
~ J d i yA R (x-y)(N(p 2 Wj A M N (P^) 
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where irf n is the incoming pion field, and we have used 
(N (p 2 )\TT^ n (x)\N (pi)) = 0. This is a non-trivial require- 
ment if the nucleon is a chiral soliton. This point will not 
be pursued further here. 
It follows from (0]l|) that 

G 2 (t) = (2m N G 1 (t) + mlG 2 {t)) . (11) 

ml —t 

Also by definition, eq. (|Io| ) is equal to 

- 9,NN(t)-^-^u(p 2 ^ 5 r a u( Pl ) e *(w-Pi)- (12) 
t — ml 



and hence 



fir9irNN{t) = m N Gi(t) + ~G 2 (t) 



(13) 



where g-nNN — g^NNim^) is the pion- nucleon coupling 
constant. Extrapolating from t — m\ to t = gives the 
standard Goldberger-Treiman relation gA^N ~ firgirNN, 
where (7,4 = Gi(0). However one can do better. Substi- 
tuting (fjj) at tree level into @ gives 



Gx{i)=g A 



G 2 (t) 
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Inserting ( pT[ ) into ( |l3| ) at i — m\ gives the desired rela- 
tion 
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between the pion-nucleon sigma term and the 
Goldberger-Treiman discrepancy. The one-loop correc- 
tions to ( |l6| ) are of order m^rn^f (An f^) 2 . They will be 
discussed below. 

Numerically, there is a huge cancellation in the right 
hand side, and the value of a^N is very sensitive to 
g-rrNN- Using the central values for all experimentally 
measured quantities with (mjy, f v ) = (940,92.4) MeV 
IH and g A = 1.2650(16) we have a w N = -62 MeV 



for the value g 2 NN /Air = 14.6(3) |12|, whereas we have 



(JirN = 17 MeV for the value gl NN /^ = 12.80(36) Q. 

Unfortunately, this sensitivity means that we cannot 
directly extract a reliable value of the sigma term from 
the existing data, although the tree level result (JT^) sug- 
gests a low value for the pion-nucleon coupling constant, 
in view of the current value a^N — 45 ± 8 MeV H] . We 
therefore turn to the relation with Weinberg's formula 
for the pion-nucleon scattering amplitude iT j^] . Taking 
(ki,a) as the incoming pion, and (k 2 ,b) as the outgoing 
pion, with p\ + k\ = p 2 + k 2l the formula reads 



iT = iJ v + iT s + iTaa 



where 



l T v = -k<fe bac {N(p 2 )\V*(0)\N(j>i)) 

J IT 

iT s = -± m 2 J ab (N( P2 )\a(0)\N( Pl )) cot 



(16) 
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Substitution of (||,|^,0) at tree level yields 
T v = ±ie bac u(p 2 )ftXu(pi) 
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(20) 
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. 9Ah + ^ ZL ) «(pi) 

pi + fti + m N \ A J 

+ {ki,a^-k 2 ,b). (22) 

The isospin structure is decomposed as T ba = 5 ab T + + 
ie bac T c T~ to give 
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At threshold in the center of mass frame, the amplitudes 
can be extrapolated from data and written as scat- 
tering lengths a ± . Taking at threshold, 



with < u-nM < 70 MeV, to one-loop. Our allowed range 
for gp is to be compared with 8.44 ± 0.16 from fl7|| . 

The justification of the supplementary rules, and de- 
tails of the one-loop calculation will be given elsewhere 
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showing the corrections to the Tomozawa- Weinberg for- 
mula are small. Eqs. (|l5| ) and ( |25| ) give a direct relation 
between a - and g^NN, which is 
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= (9.2 ± 0.2) x 10" 2 
„. JVA r/47r = 14.4. In terms of (| 
resolved into 



Using a 




we find 
can be 
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Using a + = — (8 ±4) x lO^/m^ [|15[ and the above value 
for a~ gives ovjv = 2 MeV. (The other root a^N ~ W/v 
has been discarded). In (|15|), this corresponds to the 
value g\ NN l^ = 13.1, to be compared with 14.4. 

The present analysis can be extended to one-loop by 
using power counting in l/f^ QJ^j. In this context we 
have analyzed one-loop corrections to the above and 
they require a new subtraction constant in Gi- The 
extra piece of data necessary to fix this constant is 
9p = m^G2{— 0.88m 2 ) = 8.2 ± 2.4 available from muon 
capture in hydrogen fll6fl . The loop corrections are in gen- 
eral small as can be seen in Fig. 1 by the shift from the 
tree level (dotted line) to the one- loop result at ovat = 0. 
The exception is G2 due to the large cancellation at tree 
level, since it is proportional to o^n hi this case (eq. 
(|l4|)). If we require that a^N is positive, the one-loop 
correction does not exceed 50%, and g^NN is larger than 
the lower bound from [ jl3| , we then obtain an inequality 
between ovat, g-^NN and g p , as indicated by the shaded 
area of Fig. 1. We therefore have, 



12.4 < 



n 2 
47T 



< 13.15 and 8.30 < g p < 8.55 (28) 
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FIG. 1. The dependence of the pseudoscalar coupling con- 
stant (gp) on the 7riV-sigma term. The horizontal lines have 
<7^ Arjv /47r = 12.4, 12.8, and 13.2 respectively. The dotted line 
is the tree result for gp. Constraining the loop corrections of 
G2 to be 50% or less gives the shaded region. See the text for 
further discussion. 
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